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O ■ Abstract 

. In this paper we investigate the physical imphcations of the dynamical scalar mode in pure 

^jr^i Hofava-Lifshitz gravity on cosmology. We find that it can produce a scale-invariant power spectrum 

^ I in UV era if the detailed balance condition on the action is relaxed. This indicates that the physical 

' scalar mode may seed the large scale structure and Hofava-Lifshitz cosmology could be a qualified 

f--. ' alternative to inflationary scenario. 
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I. INTRODUCTION 



Recently, inspired by the quantum critical phenomena in condensed matter physics[l|], 
Hof ava proposed a renormalizable gravitation theory with dynamical critical exponent z = 3 
in UV limit [1, 0] . In this Hof ava-Lifshitz theory, the time and space will take different scaling 
behavior as 

X ^ 6x, bH, (1) 

where z is the dynamical critical exponent characterizing the anisotropy between space and 
time. In the action, the kinetic term is still quadratic in the first derivatives of the metric of 
spatial slice, but the potential terms may have higher order spatial derivatives. This fact help 
us avoid the breaking of unitarity, which happens in other higher derivative gravity theory. 
Due to the existence of higher spatial derivative terms, the UV behavior of the theory is 
much improved. In fact, from power counting, it seems that the theory is renormalizable 
in the UV. By turning on relevant perturbation, the theory flows to an IR fix point where 
it behaves like standard Einstein general relativity. As a price one has to pay, the Lorentz 
symmetry is broken by construction and it will only emerge as an accidental symmetry in 
the IR. 

Since its discovery, many authors have attempted to apply this Hofava-Lifshitz grav- 
ity to the study of early cosmologyj3, Especially it was pointed out that the Hofava- 
Lifshitz gravity may be a candidate for theory of the early universe instead of inflation. 
The casuality and flatness problem could be solved under this framework as in inflationary 
model. By considering the scalar field coupled to gravity, it was shown in [1, H, 0] , that the 
scale-invariant power spectrum can be produced, with a new dispersion relation at UV 

E ~ (2) 

The key point here is that the matter scalar action may have higher derivative terms, allowed 
by the scaling ([1]). Such scalar field theory could be taken as field theory at Lifshitz points 
without detailed balance condition j7|. The general field theory at a Lifshitz point was 
discussed in [sf. The other applications of Hofava-Lifshitz gravity to cosmology and black 
hole physics could be found in \ld\. 

On the other hand, one important feature of Hofava-Lifshitz gravity is that due to 
anisotropy, the usual diffeomorphism is broken to foliation-preserving diffeomorphisms. As 
a result, there exist an extra dynamical scalar degree of freedom. This fact has been shown 
both for the perturbations about flat background[3| and about FRW cosmology [lH. This 
means that we can have a scalar mode from the perturbation of gravitational field in the 
early universe, besides the other two tensor modes of gravitational waves. It would be 
interesting to investigate the physical implication of such scalar mode. 

In this paper, we consider the possibility if we may interpret the scalar mode of the gravity 
as the origin of the large scale structure and cosmic microwave background anisotropy in 
the IR era, without any additional matter field. If this is case, we need neither the inflaton 
nor curvaton in the early universe, and gravity itself can produce the seed of the structure. 
As the first step, we need to check if this scalar mode could produce the scale-invariant 



spectrum. But unfortunately, in [ifj, the dispersion relation of the gravitational scalar is no 
more ([2]), but instead 

~ k\ (3) 

Thus the power spectrum will be proportional to k which is not consistent with the CMB 
observation. The essential point is that the relation ([3]) stems from the fact that the terms 



2 



of sixth order derivatives in the equation of motion are absent due to the detailed balance 
condition, which was used originally by Horava to simplify the form of the action of gravity. 
We will show that after we relax the detailed balance condition, we can recover the scale 
invariant spectrum for the gravitational scalar. 

The rest of this paper is organized as follows. In section [ITl we will take a brief review 
of the Horava-Lifshitz gravity, while in section IlIII we study the cosmological implication of 
the gravitational scalar. After relaxing the detailed balance condition and doing analytic 
continuation of two parameters, we obtain the action of the gravity, which are slightly 
different from the original action but allows us to have sixth order spatial derivative in the 
equation of motion of scalar mode. We derive the equation of motion of the gravitational 
scalar without detailed balance condition and calculate the scalar power spectrum. In section 
IIVI we will end with some discussions. 



II. REVIEW OF HORAVA-LIFSHITZ GRAVITY WITH DETAILED BALANCE 
CONDITION 

In this section, we give a brief review of the Hof ava-Lifshitz gravity. Due to the anisotropy 
of time and space, it is more convenient to work with the ADM metric, 

ds"^ = -N^dt"^ + Qij {dx' + N'dt) {dx^ + NHt) . (4) 

The classical scaling dimensions of the fields are 

[iV]=0, m=z-l, =0. (5) 

From this metric, we can construct an action of gravity from the scaling rule ([1]) and the 
invariance under foliation-preserving diffeomorphisms. It turns out that the kinetic term is 
quadratic in the second fundamental form. And before considering the relevant terms of 
lower scaling dimension, we consider the marginal potential term which dominate on the 
high-energy limit. In z = 3, D = 3 case, it could contain the higher derivatives of the metric 
up to sixth order [3|. The terms quadratic in gij could be 

ViRjk^'R^^, ViRjk^^R^, RV'^R, RijV^R^. (6) 

The other combinations are either identical up to a total derivative or related by Bianchi 
identity or other symmetries. Although there are many constraints, the relative magnitudes 
of these terms are arbitrary. The other marginal terms are cubic in curvature. For the rele- 
vant terms, there are even more possibilities. To reduce these uncertainties Hofava suggest 
to impose the detailed balance condition to confine the action further more. Under this 
condition, the potential term including relevant perturbations are determined by 

Sv = yJ dtd'x^E'^g,,kiE'\ (7) 

where 

V^E'^ = ^ (8) 
for some action W in three-dimension and Qijki is the De Witt metric defined by 
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The action W could be of the form 



^=^1 ^3(r) d'x^iR - 2Ah/), (10) 

where is the gravitational Chern-Simons term and u; is a dimensionless coupling constant, 
/i is coupling constant with dimension [fi] = 1 and Aw is effectively a cosmological constant 
with dimension [A] = 2. 

Finally the action of gravity with detail balance can be written as 

o 2 1 ijh 



o + 8(1 - 3A) [~^^ + - 3A^J I , (11) 

where i^jj is the second fundamental form, or the extrinsic curvature, of the spatial slice; Cij 
is the Cotton tensor which is used to construct the action preserving the detailed balance 
condition; and Rij is the Ricci tensor in the three dimensional space. Their definitions are 

Kij = ^{9ij - V.AT, - VjN,), (12) 

ikl / 1 \ 

= '—V, [Rh - -RSij . (13) 

The first parenthesis in fill I) involving only the extrinsic curvature is the kinetic term, while 
the others are potential terms. A is the coupling constant in kinetic term, and runs to 
A = 1 in IR era such that the kinetic term goes back to the case in general relativity, k is 
something like the Newton's gravitational constant Gn, and indeed there is a proportional 
relation between them 
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Gn = (14) 



where the speed of light is 



w 



4 V 1-3A 

Note that in UV era, the dominant potential term will be the integral of 

1. 



(15) 



C^jC' = {V,R,kV'W' - ViRjkV'Rik - -ViRV'R), (16) 

o 

which is the only term involving sixth order derivatives of the metric after partial integra- 
tions. The Cotton tensor Cij is symmetric and traceless, and is covariantly conserved. Most 
of all, it is conformal, 

gij exp{2n{x))gij, dj exp(-5n(x))Cjj. (17) 

And it is the successor of Weyl tensor in three dimensional space to play the role of the 
criterion of conformal flatness. 
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III. THE POWER SPECTRUM WITHOUT DETAIL BALANCE 



In this section we will calculate the equation of motion of the extra scalar mode in Hof ava- 
Lifshitz gravity in the early universe without matter, but the detailed balance condition will 
be relaxed. We begin with perturbed Friedmann-Robertson- Walker metric in ADM form 
after gauge fixing lH 



ds^ = -c^de + a^{l - 2il))5ij{dx' + a-^d'Bdt){dx^ + a'^d^Bdi), (18) 

where 6ij is the metre on the three dimentional leaf of the foliation. Here we have assumed 
the background universe is fiat. From flTB]) . we have 

= c\ (19) 

Ni = cadiB (20) 

g,, = a\l - 2ij)S,, ~ a^e-^^Sij, (21) 

g'^ ~ a-\l + 2i))5'^ ~ a-^e^^5'^, (22) 

where ~ means equalization accurate up to first order, and we adopt the exponential expres- 
sion of the scalar for convenience, as in [l^. From this metric we have the Ricci tensor 
and scalar, 

% = [d\ - {d^ljf]5i, + did.^lj + diiljO^ilj, (23) 
R = 2a-^e^^[2d^^ - (d^pf]. (24) 

More importantly the spatial slice is conformal flat. This fact leads to vanishing Cotton 
tensor and the absence of six derivative terms in the equation of motion of ip. The same 
thing happens for the perturbation around the fiat spacetime background. In the latter case, 
the equation of motion of physical scalar mode contains terms with spatial derivatives up 
to fourth order. As a result, the ultraviolet behavior is not good enough. This stems from 
the detailed balance condition. 

As pointed out in the original paper [§], there is no first principle at this moment to decide 
which kind of combination of terms in (jS]) is more physical. The coefficients of these terms 
could be arbitrary, only being constrained by the requirements of stability and unitarity 
of the quantum theory. Just from simplicity, the detailed balance condition was imposed. 
The very interesting relation to three-dimensional massive gravity from detailed balance is 
another story, being very little to do with the renormalizability of the theory. Therefore, 
one can expect that without detailed balance condition the theory is still UV well-defined. 
In the following we will take this philosophy and consider the more general action without 
detailed balance. 

Our starting point is the following action of the pure Horava-Lifshitz gravity 

S = Sk + 5?"^^ + 4"*'^''^ + 4'''^ , (25) 
where Sk is the kinetic term, Sy^\ Sy^^^^^ and Sy^^ are terms dominant in UV, intermediate 
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and IR era, respectively, being of the forms 



Sk = J dt£^^Na{KijK'^ - XK^), (26) 

^(y^) = j dt£x^Np{piViRjkV'R^'' + (32V^RjkV^R'^ + p3^rR^"R), (27) 

^(inter) _ J dtd'^^N (^^^^RuV ,R' k + (RijR'' + r]R^Y (28) 

^P^) = [ dtd^Xy/^N{^R + a), (29) 



with the couphng coefficients 



a = (3 



K^/i K^/i^ K^/i^ 1 — 4A 

^ " ~2^' ^"~8~' 32~1 -3A' 

^ ~ ~8(1-3A)' 8(1 -3A)' 

The essential difference from the action in comes from Sy'^K The dimensionless param- 
eters Pi, /?2 and /?3 in it are the ones dominating the UV behavior. In detailed balance case, 
from (fT6ll . we have j3i = 1,^2 = — l^/^a = —1/8. But here when discarding the condition, 
these three parameters can be arbitrary. Furthermore, we have made the following analytic 
continuation 

/i — > cu^ — > —iu'^ (30) 

as suggested in in order to have a physical evolution. As a result, the emergent speed of 
light is 



which requires A]y being positive for A > |. 

The above action is not the most general one we can have. For simplicity, we still keep 
most of the terms in the Hofava-Lifshitz gravity, but only modify the marginal terms which 
are quadratic in curvature and of two spatial derivatives. 

The first task is to derive the constraint equation. Write down Hamiltonian[2] and take 
the variations with respect to the momentum conjugate to Ni and A^, we get respectively two 
equations. One of them corresponding to Ni gives so called super- momentum constraint: 

= ViN{K'j - XK5i) (32) 

which lead to the relation on B up to the first order 

1 — 3A 

cd^B = ^—^ai;. (33) 
A — 1 

The constraint corresponding to N{t) is subtler. Since we require projectivity condition, we 
cannot get the local super-Hamiltonian constraint. For the classical evolution, the isotropy 



6 



and homogeneity of the background allow us to reduce the integral constraint to a local one, 
which is just the Friedman equation on the scale factor: 



a' 



a 



w 



3a(l-3A) 3A-1' 



(34) 



From now on, our discussion will base on the gravity action with above analytic continued 
parameters. As a consequence, the Hubble "constant" H = a/a is really a constant if we 
just focus on classical evolution and the universe is undergoing a exponentially expansion 
no matter whatever A is. In other words, the universe is in a de-Sitter phase once A is fixed. 
This means that the early universe is very much like in an exponentially expanding inflation 
period. The key difference is that we do not need a scalar field with slow roll potential to 
drive the inflation. 

Another important feature of the evolution is that the acceleration is related to the 
emergent speed of light. At UV, the speed of light could be large such that the acceleration 
is quite large. But at IR, the acceleration is the same as the late time acceleration in Einstein 
gravity with a positive cosmological constant. 

Using (1331) and we calculate the action of second order. 



(2) r-(UV) 



c 



rftd^xa^3(l - 3A) 



3(1 



— Aj 2 Z 



2c/3 / dtd^^—{3pi + 2(32 + 8/33)V'5V, 



(2) q{IR) 



dtd ha 



-2a^tpd'^^ + ^a^atp^ 



1 



a^aBd^B 



,(35) 
(36) 
(37) 
(38) 



When adding together, the terms in ^'^'^Sy^^ involving a can be converted into terms of 
by virtue of (IMIl . and can be combined with those in ^"^^Sk- Therefore, the total action of 
second order is 



dtd^x^3^a^(l-3A) 



2 1 



31 - A 



23 2 
— ^c\3pi + 2p2 + 8/33) + -c^(3C + 8r/)^9V - 2c^a^ijd'^^ 



(39) 



From the second order action we can derive the equation of motion. 



2P + 3Hij + ^{l 

4 4 



A)if^ + —c2(3/5i + 2/52 + 8/^3 

4:00 



16 



A 



1 -3A 



4 4 

-TT^C Aw- 
16 I 



1-A 1 
1 - 3A^ 
1-A 1 
1-3A)2^ 



9V 



0. 



(40) 



It is remarkable that when A = 1, the above equation reduces to the one in standard Einstein 
theory, in which case ip is not a real dynamical field. In other words, when the theory flows 
to IR fixed point where the Einstein theory and the diffeomorphism are partially recovered, 
the scalar field is just a gauge artifact due to the extra gauge degrees of freedom. 
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This formula coincides with the equation of motion of the gravitational scalar in 
except for the d^ip dependent term here. We note, that the equation in is derived 
from Horava's original action with detailed balance condition, where j3i = l,f32 = —1 and 
jS^ = —1/8, thus 3/3i + 2/^2 + 8/^3 = 0, which just makes the d^ip term vanishing. Then 
there's no (2)5*1^^) term any more, and (2) 5'|^'^*°'') Iqq dominant in UV era, when the 
dispersion relation will be E"^ ~ k^, and spectrum will be Vk ~ k. On the other hand, 
if we discard the detailed balance condition, the fc^-dependence in dispersion relation will 
emerge. Moreover, one has to care about the stability and unitarity at UV, which requires 
that 3f3i + 2(32 + 8/?3 > 0. Finally, following the treatment in [1, |6| we can obtain the power 
spectrum. In UV limit, the equations of motion reads 

V^ + ^^ = 0, n'' = ^{2,(3, + 2(32 + m)^^k' (41) 
which can be solved under WKB approximation as 



And we can use (H2|) to calculate the scale-invariant power spectrum, 

p (fc) = —M\' = , ^^"^ =. (43) 

27r2''^' 7r2 «:V ^/Aw^ + 2^2 + 8/^3) (1 - A) 

We see, that the power spectrum produced by the scalar mode of the gravitational field 
at UV is scale-invariant, sharing the same property of temperature fluctuations in CMBR 
observation. This is a hint, that the gravitational scalar may be the seed of the large scale 
structure of the universe and the origin of the anisotropy of the cosmic microwave background 
radiation. 

It seems that the power spectrum is divergent when A — >^ 1. This is an illusion. The 
above spectrum corresponds to the fluctuations generated at the scale much higher than 
IR fixed point. And the A in ( 143|) corresponds to the matching point between UV and IR, 
roughly at the horizon crossing, at which A is not equal to 1. 

The fluctuations of the scalar mode would be frozen after horizon crossing. And after 
IR fixed point, the scalar mode is not physical anymore, instead it changes to the Newton 
potential. In fact, to respect the projectivity condition, the perturbed FRW metric was 
set to fll8p in terms of Painleve-Gullstrand coordinates, which is equivalent to the standard 
scalar perturbed FRW metric. Moreover, the higher- derivative terms are much suppressed 
after RG flows to A = 1 so that we can trust the usual treatment in general relativity. As 
usual, the scalar perturbation may combine with matter perturbation to form a conserved 
curvature perturbation. Unfortunately due to the ignorance of the coupling of matter with 
gravity with 2; 7^ 1, we do not know if there exist a similar quantity before RG flowing to 
A = 1. It is an important issue which we would like to address in the future. 



IV. DISCUSSIONS 

In this paper we investigated the possibility that the scalar perturbation of Hofava- 
Lifshitz gravity, instead of matter perturbation, seeds the large scale structure of our 
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universe. As the first step, we showed that the power spectrum of the gravitational scalar 
at UV is scale invariant. It has been argued that in Hofava-Lifshitz gravity the inflation is 
not necessary. Our study suggest that we do not even need matter scalar field and gravity 
itself provide the natural scalar mode for us. 

We found that in order to have scale invariant spectrum, we had to relax the detailed 
balance condition and have more general gravity action. This is not a drawback. From our 
investigation, the absence of Cotton tensor allows the equation of motion of scalar mode to 
have spatial derivatives up to six order. Similarly this happens for the fluctuations around 
the fiat spacetime background. This actually improve the ultraviolet behavior of the scalar 
mode. On the other hand, the discarding of the detailed balance condition open many other 
possibilities to construct the model. Some of the possibility may have interesting physical 
implication. For example, the marginal term as R^, KjRlR^, RRnR^^ may induce the cubic 
interaction terms of the scalar mode, leading to non-Gaussianity[13]. 

In Horava-Lifshitz gravity, to have a physical evolution requires a positive cosmological 
constant from beginning. At the very early stage, the speed of sound is very large and drive 
a very fast exponentially expansion. This stage could plays the role of inflation and help us 
to solve the well-known problems in big-bang cosmology. At very late time stage, we recover 
the accelerating expansion due to a small positive cosmological constant. 

Even though the idea that Hofava-Lifshitz cosmology can be an alternative to the infla- 
tionary scenario, there are lots of questions waiting to be answered. Due to our ignorance of 
the exact RG flow of the theory, it is not clear when and how the Einstein gravity is recovered 
and the scalar mode disappear. It is also an interesting issue to study how the gravitational 
scalar is related to the temperature perturbation. More fundamentally, it is essential to 
study the ultraviolet behavior of the Hofava-Lifshitz gravity, especially considering so many 
marginal terms and relevant terms without detail balance. Besides the requirement of sta- 
bility and unitarity, does there exist other principle to determine the parameters? It could 
be possible that there exist UV fixed points characterized by a few parameters. The RG 
fiows from UV fixed points to IR by various relevant terms are essential for us to understand 
the Hofava-Lifshitz cosmology. 
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